We study the Brans-Dicke theory of gravity in Riemann-Cartan space-times, and obtain general torsion solutions, which are completely determined by Brans-Dicke scalar field Φ, in the false vacuum energy dominated epoch. The substitution of the torsion solutions back to our action gives the original Brans-Dicke action with Φ-dependent Brans-Dicke parameter ω(Φ). The evolution of ω(Φ) during the inflation is studied and it is found that ω approaches to infinity at the end of inflation. This may solve the ω-problem in the extended inflation model.
I. INTRODUCTION
The discovery of spin-1/2 fermions indicates that matter fields have microscopic structure, which can be characterized by the spin angular momentum 3-forms S ab . Since general relativity (GR) is established (by hypothesis) in pseudoRiemannian (i.e. torsion free) space-times, the gravitating sources are solely described by the stress-energy tensor, and intrinsic spin does not play any role in the conservation laws of angular momentum. Hence, GR lacks of a description of spin-orbital coupling. This unsatisfactory situation actually happens in any theory of gravitation established in pseudoRiemannian space-time, and may be resolved when we extend relativistic theories of gravity to Riemann-Cartan (RC) spacetime. Several well-kown theories of gravitation, e.g. Poincaré gauge theory of gravity (PGT) (see a review article [1]), are built in RC space-times. Moreover, it was discovered that a Lorentz gauge-covariant form of the Brans-Dicke (BD) theory of gravity yields torsion fields determined by the gradient of the BD scalar field Φ [2, 3] .
In RC space-times the concept of the metric g and metriccompatible connection ∇ are fundamentally independent, so the associated independent variables of gravitational fields are orthonormal co-frames {e a } and connection 1-forms {ω a b } [4] . The intrinsic spin quantities S ab become the sources of torsion fields, and the Bianchi identities yield the conservation law of orbital angular momentum and intrinsic spin. Since torsion and the intrinsic spin have direct interactions, spin-polarized bodies can be used to detect torsion directly in the laboratory (see a review article [5] ). Up to now, there is no experimental evidence showing the existence of torsion field, so the constraints on torsion-spin coupling turn out to be extremely small [5, 6] . The result is not surprising since it is very difficult to produce a significant magnitude of the intrinsic spin in the laboratory. However, we expect that intrinsic spin should generate observable torsion effects in the early Universe. Refs [7, 8] discovered that the spin-0 + torsion (sometimes called scalar torsion) mode in PGT [9] can nat- * Electronic address: yhwu@phy.ncu.edu.tw † Electronic address: chwang@phy.ncu.edu.tw urally explain the current acceleration of our Universe without introducing the dark energy. Moreover, we found that the quadratic curvature terms in RC space-times can generate a power-law inflation without introducing inflaton fields [10] . However, this inflation model is not satisfactory since it requires some fine-tuning in the parameters. The old inflation model was originally proposed to solve horizon and flatness problems by considering the Universe to undergo a first-order phase transition [11] . Cosmic inflation is driven by the false vacuum energy of an inflaton field σ and is supposed to end by bubble nucleations. It was soon realized that inflation will never come to an end because of the smallness of the (dimensionless) bubble nucleation rate ≡ λ/H 4 , where λ is the number of bubbles nucleated per unit time per unit 3-volume and H =ȧ/a is the Hubble parameter during inflation [12] . If we assume that bubble nucleation is dominated by quantum-mechanical tunneling, λ can be expressed as λ = Ae −S E in the semiclassical limit [13] [14] [15] [16] . The prefactor A is equal to T 4 c times terms expected to be of order unity and S E is the Euclidean action of the bounce solution, where T c denotes the critical temperature of the phase transition. Since the scale factor a(t) is exponentially expanding, a ∝ e Ht , and H is a constant during inflation, we obtain that is a constant. In [12] , Guth and Weinberg proved that if > cr ≈ 0.24, the system of bubbles will percolate at some finite time. However, a direct calculation of from effective potentials of some specific models shows that the value of is quite small (10 −100 is even plausible) [12] . It turns out that inflation never comes to the end in the old inflation model, and this is called the "graceful exit" problem.
La and Steinhardt [17] discovered that the "graceful exit" problem can naturally be resolved in the BD theory of gravity [18] , and they called this model the extended inflation. The main feature of the extended inflation is that a(t) has a powerlaw solution a ∝ t ω+ 1 2 instead of exponential expansion, where ω denotes the dimensionless BD parameter, so that (t) ∝ t 4 is now time-dependent and monotonically increases with respect to time. It means that can be very small in the beginning of inflation and then grows to the critical value cr , where the system of bubbles will percolate. Although the Universe can exit from false-vacuum energy domination in the extended inflationary scenario, it was soon realized that in order to satisfy the nearly isotropic spectrum of the cosmic arXiv:1210.1010v3 [gr-qc] 15 Nov 2012 microwave background radiation (CMB), the constraint on a bubble-size distribution requires ω < 25 [19] [20] [21] . However, the current solar system observation of Cassini spacecraft requires that ω must exceed 40000 [22, 23] . Apparently, the constraint of the bubble-size distribution is conflict with the solar system observations. This is called the ω-problem. There are several phenomenological approaches to solve the ω-problem by assuming ω(Φ) to be a function of Φ [25] or adding a potential V (Φ) in the BD action [20] . In [25] , ω(Φ) is taken to be ω(Φ) = ω 0 + ω m (
m , which increases monotonically during the evolution of Φ. Here, M P l denotes the Planck mass and ω m must be assigned a huge value to satisfy the solar system observations. When Φ approaches to M 2 P l in the post-inflationary state, ω m dominates, and the solution of a(t) gives a(t) ∝ exp(α t f ), where α is a positive constant and f = 2m 2m+1 . This solution is called the intermediate inflation. A further investigation of the bubble-size distribution in this intermediate inflation gives a constraint on ω 0 and m [26] . Roughly speaking, it requires that the transition between ω 0 and ω m must be rapid, which corresponds to requiring a large value of m.
The Einstein-Cartan theory is a natural generalization of GR to RC space-times, and its torsion fields are completely determined by the distribution of the intrinsic spin S ab . If the magnitude of S ab is too small to observe, there is no difference between the Einstein-Cartan theory and GR. However, this is not true in the BD theory with torsion, since torsion fields will be produced not only by the intrinsic spin but also by the gradient of BD scalar field Φ [2]. Here, the torsion field generated by Φ is called BD torsion field. Hence both S ab and Φ become the sources of torsion fields. In this paper, we find that the BD torsion field will contribute to ω and obtain the explicit form of ω(Φ). Moreover, we show that the ω-problem can naturally be resolved in the BD theory with torsion, instead of using phenomenological approaches. ω(Φ) only contains one physical parameter a 2 , and the present value of Φ, which is equal to M 2 P l , will yield a 2 ≈ M 2 P l (see Sec. III). Hence, ω(Φ) actually does not contain any free parameter. To understand whether this extended inflation model with torsion can satisfy the CMB anisotropic observation, it requires a further investigation on the cosmological perturbation in RC space-times. This paper is outlined as below. In Sec. II, we generalize the BD theory to RC space-times. The main difference between our work and Dereli & Tucker's work [2] is that our BD action with torsion includes three irreducible pieces of quadratic torsion, which were not considered in [2] . These quadratic torsion terms may be associated to kinematic energy of orthonormal co-frames e a . Adding these terms does not spoil the field equations as the second-order differential equations. Without introducing any symmetry of space-time, we obtain a general torsion solution completely determined by Φ, where the Lagrangian of matter is assumed to be the potential U (σ) of the inflaton field. In Sec. II A, we substitute the torsion solution back to our original action, and obtain an effective action, which is equivalent to the original BD theory except that ω(Φ) now is a function of Φ instead of the dimensionless parameter. In Sec. III, we study field equations in the homogeneous and isotropic Universe, and obtain analytic and numerical solutions of a(t) and Φ(t) during the inflation. Sec. IV gives a discussion and conclusion. In this paper, we use the units c = = 1 and 8πG = M −2 P l [27] .
II. BRANS-DICKE THEORY OF GRAVITY WITH TORSION
Mach's principle is a fundamental principle to explain the origin of inertia [28] . In attempting to incorporate Mach's principle, the BD theory introduces an inertial field Φ which plays the role of the gravitational constant G and is determined by the matter field distributions. So the gravitational fields are described by the metric g and the BD scalar field Φ, which has the dimension
2 . The BD theory starts from the following action:
whereR ab are Riemann curvature 2-forms, ω 0 is the BD dimensionless parameter, and * is the Hodge map associated to 4-dimensional metric g.L M denotes the Lagrangian 4-form of matter fields Ψ, where the minimal coupling of gravitational fields is assumed, so there is no direct interaction between Ψ and Φ. An important feature of BD theory is that when ω 0 approaches to infinity, the field equations of Φ yields that Φ becomes a constant Φ 0 . Hence, the BD theory will recover to GR in the limit of ω 0 → ∞.
The most natural generalization of the BD theory to RC space-times is to start from the following action:
where R ab are curvature 2-forms defined by R ab = dω ab + ω ac ∧ ω c b , and n T a denotes three irreducible pieces of torsion 2-forms T a defined by
One may notice that the orthonormal co-frames e a and the connection 1-forms ω ab become independent variables. The trace vector torsion 2 T a (scalar torsion) and the axial torsion 3 T a (pseudo-scalar torsion) can be expressed as
where i a denotes the interior derivative, and the tensor part of
Clearly, the dimensions of three parameters a n are the same and equal to [a n ] = [M ] 2 . In Eq. (2), we also assume the minimal coupling of the matter fields Ψ and the gravitational fields, so Φ does not appear in the Lagrangian L M . Generally speaking, the difference betweenL M and L M occurs when Ψ has a direct interaction with ω ab in the Lagrangian 4-forms, and according to the standard model of particle physics, only spin-1/2 fermions will directly couple to the connection 1-forms in the action. This is the reason why fermions become the sources of torsion in RC space-times. In Eq. (2), the first term on the right-hand side shows that Φ couples to the full scalar curvature instead of the Riemannian scalar curvature, so one can expect that Φ will generate torsion through these coupling. Furthermore, the field equations remain second-order differential equations when adding three irreducible quadratic torsion terms. In this paper, we will concentrate on the evolution of Φ and the gravitational fields at the inflationary epoch, when is dominated by the false vacuum energy, so we put 
where the BD torsion T a is (4) and (5) are the second-order differential equations for e a and Φ. In Subsection II A, we will show that the effects of the BD torsion can actually be combined with ω 0 to form an effective BD "parameter" ω(Φ), which is now a function of Φ. More specifically, Eqs. (4) and (5) are equivalent to original BD equations in Riemannian space-time with the effective BD parameter ω(Φ).
A. The effective action
In order to compare Eqs. (4) and (5) to the original BD equations, we should decompose the curvature 2-forms R ab into Riemannian curvature 2-formsR ab and torsion parts. The first step is to decompose ω ab into the connection 1-formsω ab associated with the Levi-Civita connection and the contorsion 1-forms K ab , which are defined by [29] 
Substituting ω ab =ω ab +K ab into the definition of R ab yields
whereD is the covariant exterior derivative associated toω ab . Using Eq. (6), we obtain
The substitution of Eqs. (8) and (9) into Eq. (2) gives the effective BD action:
where the effective BD parameter is
and dB denotes the boundary term. If a 2 = 0, we obtain ω = ω 0 − Before we present a detail study of the evolution of Φ(t) and the scale factor a(t) during the inflation, we can first examine the behavior of ω(Φ). Eq. (11) indicates that when Φ a 2 , we have ω ≈ ω 0 . Moreover, when Φ approaches to a 2 , ω(Φ) will then approach to infinity. It is clear that ω(Φ) monotonically increases with respect to the growth of Φ. In order to satisfy the constraint ω > 40000 of the current solar system observation [22] , it requires that Φ should be very close to a 2 at present time. In Sec. III, we apply analytic and numerical approaches to study the evolution of Φ(t) during the inflation, which gives that Φ is asymptotically approach to a 2 in the post-inflationary stage. Furthermore, the equations of motion indicate that Φ continuously approaches to a 2 in the radiation and matter domination epochs, so this result can be used to explain why ω(Φ) is so large at the present time.
III. EQUATIONS OF MOTION IN ROBERTSON-WALKER SPACE-TIMES
Although our Universe is apparently inhomogenous and anisotropic in small scales (e.g. galactic scale), the astrophysical observations strongly support the homogeneity and isotropy of our observable Universe in the cosmological scale. It allows us to assume that our observable Universe exists 3-dimensional space-like hypersurfaces, which are maximally symmetric 3-spaces [30] . The assumption of homogeneity and isotropy in RC space-times gives (13) and Φ = Φ(t), where k = {−1, 0, 1} denotes the constant curvature of 3-dimensional spaces and r ≡ √ x α x α . It is convenient to introduce a dimensionless scalar field χ defined by χ ≡ Φ a2 . The substitution of Eq. (13) into Eq. (6) yields
and h(t) = 0. Moreover, the substitution of Eqs. (12)- (14) into Eqs. (4)- (5) yields
where H ≡ȧ a and U ≡ M 4 F [31] . M F denotes the false vacuum energy, which may be around the GUT energy scale 10 14 Gev. We should now try to determine the energy scale of a 2 . Since χ(t) at present time t P is extremely close to 1, i.e. Φ(t P ) ≈ a 2 , and Φ(t P ) should be normalized to (8πG) −1 , we obtain that a 2 ≈ M 2 P l . Eqs. (15)- (16) describe the evolution of a(t) and χ(t) during the inflation. We first observe that Eq. (16) has a very interesting feature. On the right-hand side of Eq. (16), the first term is definitely negative and is proportional toχ 2 , so one may identify it as frictional force. Moreover, the second term is a definitely positive constant, so it can be considered as a constant external force supplying χ with kinetic energy. If we consider χ 1 at the beginning of inflation, the first term can actually be neglected so the false vacuum energy will drive χ to have positive velocity and acceleration. It means that χ(t) grows with positive acceleration. However, when χ is approaching to 1, the frictional force cannot be neglected anymore. So one can expect that χ(t) will evolve from accelerating phase to decelerating phase. In Subsection III A, we obtain analytic solutions of Eqs. (15) and (16) in the early stage of inflation, where χ 1, and in the post-inflationary stage, where χ ≈ 1. In Subsection III B, we use numerical calculations to illustrate our analytic studies.
A. Analytic solutions
We first study the early stage of inflation. When χ 1, it yields that ω = ω 0 . So Eqs. (15) and (16) return to the equations of motion in the extended inflation [17] , and we then obtain the power-law solutions
with f (t) = −
Here, a B and χ B denote the initial values of a(t) and χ(t). Eq. (18) indicates that χ has a constant acceleration. If ω 0 > 1 2 , we obtain a power-law inflation, which yields a time-dependent bubble nucleation rate (t). As mentioned in [17] , the initial bubble nucleation rate B can be small and then grows to a critical value cr , where the system of bubbles will percolate at some finite time. It means that will reach cr in the post-inflationary stage. The constraint of the bubble-size distribution required ω 0 < 25 in the extended inflationary model [19, 20] , so we may require ω(χ) < 25 in this power-law inflationary stage. Moreover, since ω(χ) becomes large in the post-inflationary stage, we should restrict the e-folding number N (t) ≡ ln a end a(t) to be less than 55 at the post-inflationary epoch in order not to produce a large-ω, scale-invariant bubble spectrum. In [26] changes very rapidly when χ approaches to 1 and only becomes significant when χ is extremely close to 1. So the constraint of the bubble-size distribution can be achieved in this inflationary model by requiring ω 0 ≤ 20. A more detailed study of the bubble spectrum in this extended inflation model with torsion may lower the upper bound of ω 0 .
In the post-inflationary stage, we try to find an attractor solution, which asymptotically approaches to 1. More precisely, the solution satisfies lim t→∞ χ = 1 and lim t→∞
which yields an approximate analytic solution
with f (t) ≈ −β tanh βt, where β =
. We see that χ asymptotically approaches to 1, and a(t) becomes nearly exponential expansion in this post-inflationary stage. It means that ω(χ) will grows to a large value at the end of inflation. After the end of inflation, the Universe may be thermalized by bubble collisions and returns to radiation domination, so the false vacuum energy in Eq. (19) should be replaced by ρ − 3p, which is zero at radiation domination. From Eq. (19) , one can actually see that either in the radiation-or matter-dominated era, the matter fields (ρ − 3p) do not affect the evolution of χ since they all multiply a very small value 1 − χ. It turns out that χ will continuously approach to 1 at the radiation-and matter-domainated epochs and it naturally gives an extremely large value of ω at the present matter-dominated epoch, which satisfies the solar system observations. In Subsection III B, we apply numerical calculations to study the evolution of χ and a during the inflation.
B. Numerical demonstration
In this subsection, we use a numerical method to demonstrate our analytic study. In the numerical calculation, we normalize a 2 = 1 and choose M F = 10 −4 [32] . Moreover, we set the BD parameter ω 0 = 16, and the initial values are chosen as a B = 1, χ B = 10 −3 andχ B = 2 × 10 −5 . In Fig. 1 , one can clearly see that χ(T ) is proportional to T 2 at early stage of inflation, which agrees with our analytic solution, and will then pass a critical point (T ≈ 2700), where its accelerationχ(T ) becomes deceleration. In the post-inflationary stage (T > 3500), both the velocityχ(T ) and accelerationχ(T ) approach to zero, so it yields that χ asymptotically approaches to 1, which also agrees with our analytic result. In the ln ω − T diagram, we observe that ω is nearly ω 0 and grows rapidly to a large value at the post-inflationary stage. ln Ω
IV. CONCLUSION AND DISCUSSION
We study the BD theory with torsion and obtain a general torsion solution, which is completely determined by the dimensionless BD scalar field χ. We further discover that torsion fields will contribute to the BD parameter ω 0 to form an effective BD parameter ω(χ) = ω 0 + 3χ 2(1−χ) . In the extended inflation model, the constraint of bubble-size distribution requires ω < 25. However, the current solar system observation requires ω > 40000. This apparent conflict is called the ω-problem. We study the evolution of χ(t) and a(t) during the inflation, i.e false vacuum energy domination, and show that ω(χ) is approximate to ω 0 during the inflation and will rapidly transit to a large value in the post-inflationary stage. Moreover, since χ continuously approaches to 1 during the radiation-and matter-dominated epochs, ω(χ) will become extremely large at present time, which naturally explains the solar system observations.
In this work, we solve the ω-problem by generalizing the BD theory to RC space-times. The next question is to understand whether this extended inflation model with torsion will satisfy CMB anisotropic observations. In particular, the superhorizon-scale anisotropic spectrum (l < 100 modes) of CMB, which contains the information of primordial quantum fluctuations, has been used to test and constraint the inflation models. From WMAP 7-year data [33], the best-fit cosmological parameters give a spectral index of density perturbation n ≈ 0.96, which is nearly scale-invariant. Refs. [34, 35] indicate that the extended inflation with ω < 25 yields n < 0.85, which is inconsistent with the WMAP 7-year data. Furthermore, the scalar-tensor ratio in the extended inflation with ω < 25 is too large to satisfy the same data [35] . In order to answer whether this extended inflation model with torsion satisfies the CMB anisotropic spectrum, further study on cosmological perturbation in RC spacetimes will be followed. and denotes the derivative with respect to χ. 
